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We find that relative locality, a recently proposed Planck-scale deformation of special relativity,
suffers from the existence of causal loops. A simple and general construction of such on-shell loop
processes is studied. We then show that even in one of the weakest deformations of the Poincare´
group in relative locality, causality can be violated.
The search for quantum gravity has led to the idea
that special relativity should be modified at high energies
in such a way that (modified) Lorentz transformations
leave the Planck scale invariant. Doubly special relativity
(DSR) has been proposed as an embodiment of this idea
[1, 2]. However, it was shown in [3] that this theory has
observer dependent non-localities for distant interactions.
Relative locality is a reincarnation of DSR that tries to
clarify the issue by proposing a radically different way of
thinking about physics.
The birth of relative locality came from the insight
that we never directly observe the spacetime we postu-
late. Our usual picture of spacetime is constructed op-
erationally from the measurements of energies, momenta
and times of events[4, 5]. The notions that everything
shares a universal spacetime and that locality has abso-
lute observer-independent meaning could be unwarranted
assumptions. As a theory describing quantum gravity
induced modifications to relativistic dynamics of parti-
cles, relative locality was proposed at the regime where
~→ 0, G→ 0, while their ratio mP =
√
~/G is held fixed
for every observer[4, 5]. So effects due to the presence of
the Planck mass are expected. Some RL phenomology
has been studied in [4–7]
Relative locality takes momentum space P as primary
and formulates classical dynamics on the phase space
T ∗(P)[4]. The geometry of momentum space is not pre-
assumed to be that of a linear space but could have curva-
ture, torsion and non-metricity in general, and should be
tested by experiments. There is no global projection that
gives a description of processes in a universal spacetime.
The notion of absolute locality and universal spacetime
is equivalent with the assumption that the conservation
law of momenta is linear. [4].
We start with giving a brief review of the classical
dynamics and phase space structure of relative locality.
After defining the causal structure in RL, we go on to
show that the theory has solutions that are causal loops.
The general conditions allowing for such loops to happen
are then studied. We illustrate this construction when
the geometry of momentum space is taken to be that
of κ−Poincare´, which is the most well studied and the
simplest non-trivial geometry of momentum space in RL
[7, 8]. The appearance of the causal loops is a result of
the phase space structure of the theory and the causal
loops vanish in the limit of special relativity.The exis-
tence of causal loops implies that it would be non-trivial
to construct a quantum theory of RL with unitarity, a
worry which should be addressed in future research. If
RL were shown to be a well-tested theory in the future,
causal loops will challenge our understanding of the fun-
damental role of causality. More probably, this result
implies that RL is incomplete or wrong.
I. CLASSICAL PARTICLE DYNAMICS AND
PHASE SPACE IN RELATIVE LOCALITY
Momentum space is assumed to be a manifold P with
a metric gab and a connection Γabc . The geodesic distance
D(p) from the origin to a point p ∈ P is interpreted as
the rest mass of a particle with momentum p. The non-
linear addition rule of momenta p ⊕ q, which should be
found experimentally, determines the connection:
∂
∂pa
∂
∂qb
(p⊕k q)c
∣∣
p=q=k
= −Γabc (k) (1)
Introduce an inverse operation 	 satisfying (	p)⊕ p = 0
which turns incoming momenta into outgoing momenta.
Now we can write the conservation law associated with
any interaction vertex as a non-linear equation Ka(pI) ≡
0. For example, a three vertex can be written as (p ⊕
q) 	 k = 0. The order of addition is important, since it
corresponds to micro-causal structure of interactions[4].
The torsion of momentum space is a measure of the non-
commutativity and the curvature is a measure of non-
associativity of addition rule of momenta.[4, 6, 8]
Dynamics of point particles is defined by the action:
S =
∑
J
SJfree +
∑
i
Siint
=
∑
J
∫
ds(xaJ p˙
J
a +NJCJ(pJ)) +
∑
i
Kia(pJ(si))zai
(2)
where s is an affine (time) parameter along the trajectory
of the particle and an interaction labeled by i happens at
si for each particle; xJ are Hamiltonian spacetime coordi-
nates which are defined as being canonically conjugate to
pJa : {xaI , pJb } = δab δJI and xaJ ∈ T ∗pJ . The mass shell con-
dition CJ(p) ≡ D2(pJ)−m2J is imposed by the Lagrange
multiplier NJ . The interaction part of the action is a
Lagrange multiplier times the conservation of momenta
Ka(p1, p2...) ≡ 0. By varying the action, we get the equa-
tions of motion, the two of which we will be concerned
with:
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2uaJ ≡ x˙aJ = NJ
∂C(kJ)
∂kJa
(3)
xaJ(si) = ±zbi
∂Kib
∂kJa
(4)
± indicates an incoming/outgoing particle respectively.
Equation (3) tells us how free particles propagate on one
cotangent space (“Hamiltonian spacetime” T ∗p ) of their
phase space; and equation (4) describes how cotangent
spaces T ∗p of different particles are connected by interac-
tion events z.
Physics should be invariant under momentum space
diffeomorphisms, i.e. redefinition of coordinates on the
momentum manifold. Such a transformation is given by:
pa→ p˜a = fa(p) s.t. the geodesic distance between the
origin and p is preserved. Under this transformation,
K(p)→K˜ = K(f(p)), xa transforms like a covector: xa→
x˜a = xb (∂fa(p)/∂pb)
−1 ∈ T ∗p , za→ z˜a = zc(δK˜a/δKc)−1.
By applying these transformations to our action we see
that it is unaltered, as desired.
II. CAUSAL LOOP PROCESS
In relativity the causal relationships between events
are expressed as geometrical relationships between points
on the spacetime manifold, while in RL we do not have
a universal spacetime. We thus have to come back to
the most fundamental notion of causality between events.
Define event B to be in the causal past of event A if in the
process that is being considered, there exists a sequence
of events B,B1, ...Bn, A, n ≥ 0 s.t. from each event there
exists an outgoing free-propagating particle coming to
the next event. We write it as B ≺ A. Vice versa we
can define causal future C A. The above definition of
causal relationship is actually a strict partial order. In
analogy with the notion in general relativity, one type of
causality violation is if ∃ events A,B s.t.A≺B,B≺A i.e.
causal loop.
Let us check the existence of the simplest causal loop.
Assume two bi-particle collision events A and B, defined
by conservation laws KA≡ 0 and KB≡ 0. Particle 0 with
momentum p0 is created from event A and then collides
with another particle at event B. The twist is now to
consider particle 1 with momentum p1 created at event
B and then colliding with another particle at event A,
which creates the particle 0. We use x0A and x0B to
label the starting point and ending point of particle p0’s
worldline which lives on T ∗p0 ; and similarly x1B and x1A
for particle p1, as in Fig[1].
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FIG. 1: A causal loop on the two-particle phase space.
Particle 0 freely proporgates from event A to B for
proper time τ0 on T
∗
p0 ; the end of its worldline is related
with the starting point of particle 1’s worldline by inter-
action B:
(xµ0A + u
µ
0 τ0)
(
∂KBα
∂p0µ
)−1
= xν1B
(
−∂K
B
α
∂p1ν
)−1
(5)
Similarly, the other part of the loop is described by
(xν1B + u
ν
1τ1)
(
∂KAα
∂p1ν
)−1
= xµ0A
(
−∂K
A
α
∂p0µ
)−1
(6)
where u0, u1 are given by equation of motion (3).
Thus the existence of a causal loop process is equivalent
to the following equation having a physical solution for
xµ0A and proper times τ0, τ1:
(MA−MB)νµ xµ0A= τ0 (MB)νµuµ0 +τ1uν1 , τ0, τ1∈R+ (7)
where the matrix (MA)νµ :=
(
∂KAα/∂p1ν
)·(−∂KAα/∂p0µ)−1
and (MB)νµ :=
(−∂KBα /∂p1ν) · (∂KBα /∂p0µ)−1.
The above is a general condition. Once we specify
the geometry of momentum space and write down the
conservation laws of two vertices, the above condition
(7) will then give a system of four linear equations with
six free unknowns: xµ0A, τ0 and τ1.
Based on the Cramer’s rule, if the matrix (MA−MB)
has rank four, i.e. the determinant is non-zero, any phys-
ical choice of τ0 and τ1 yields a unique solution for x
µ
0A.
If the matrix (MA−MB) has rank less than four, we
can fix a ratio τ1 = βτ2, β ∈ R+ first and then check
the number of remaining unknowns of the system of the
homogeneous equations. Assuming the number of un-
knowns is d (d ≤ 5 now), if ∃β s.t. the new matrix
of coefficients of the system of equations has rank < d,
then we can always get at least one physical solution for
τ1 > 0. When for ∀β ∈ R+ the new coefficients matrix
has a rank ≥ d, only then the equation does not have
physical solutions, which means the causal loop (corre-
sponding to these specific interaction vertices) does not
occur.
The solution will be invariant under the momentum
space diffeomorphsim, because the equation (7) is just
based on the equations of motion, which are invariant.
In the special relativity limit of RL, beacuse of the
linearity of momentum space, which also implies triv-
ial isomorphism between cotangent spaces, the trans-
port operators MA, MB are all identity matrices. This
makes the above equation (7) immediately degenerate to
τ0u
a
0 + τ1u
a
1 = 0, which doesn’t have physical solution.
It means that this kind of causal loop will not occur in
special relativity.
The causal loop formed by two interaction events is
just the simplest case. Similar processes can be con-
structed by other forms of vertices and more events:
A ≺ B, B ≺ ...N , N ≺ A, which conditions enjoy the
similar form with the simplest case:
3(MA−MBMC ...Mn)νµ xµ1A=τ1MB ...Mnuν1+
+ τ2MC ...Mnuν2 + ...+ τn−1Mnuνn−1 + τnuνn
(8)
These compose a system of four linear equations with 4+
n unknowns, where n is the number of interactions that
form the causal loop. Compared with eq. (7), the above
conditions are even easier to be satisfied, since there are
more unknowns in the same number of equations. More
general causal loops that contain branching out can be
always decomposed into a few simple loops described by
the above process.
III. TWO-EVENT CAUSAL LOOP IN
κ-POINCARE´ MOMENTUM SPACE
In this section we will illustrate the existence of causal
loops in a specific geometry of momentum space. κ-
Poincare´ Hopf algebra, a dimensionful deformation of
the Poincare´ group, describes a momentum space with
de Sitter metric, torsion and nonmetricity, which is the
first well-studied example of the non-trivial geometry of
momentum space in relative locality [9], [8], [7]. It is
also one of the weakest deformation of Poincare´ group as
a Hopf algebra[9]. The line element of the κ−Poincare´
momentum space in comoving coordinates is given by:
ds2 = dp20 − e2p0/κδijdpidpj i, j = 1, 2, 3 (9)
where κ is a large energy scale close to Planck energy.
The mass-shell condition is given by the geodesic distance
from point p to the origin of momentum space[8]:
m(p) = κArccosh(cosh(p0/κ)− ep0/κ|~p|2/2κ2) (10)
from which we can get e.o.m.(3). The addition rule of mo-
menta on κ−Poincare´ momentum space is as follows[8]:
(p⊕ q)0 = p0 + q0 (p⊕ q)i = pi + e−p0/κqi (11)
As an example of the simplest causal loop, we look
at two events AB, which non-linear conservation of mo-
menta are KA= (k⊕ p1)	 (p0 ⊕ l) ≡ 0, KB= (p0 ⊕ q)	
(r ⊕ p1) ≡ 0, see fig. 2 .
A B
p0
p1
l
k q
r
FIG. 2: A two-event causal loop in relative locality.
The conservation of momenta can be writen out ex-
plicitly as (12).
(KA)0 = (k0 + p10)− (p00 + l0)
(KA)i = ki + p1i e−k0/κ − e
1
κ (−KA0 )
(
p0i + lie
− 1κp00
)
(KB)0 = (p00 + q0)− (r0 + p10)
(KB)i = p0i + qie−p
0
0/κ − e 1κ (−KB0 )
(
ri + p
1
i e
− 1κ r0
) (12)
Now, we have all the necessary elements to calculate
the condition (7) for this specific example. It turns out
that the matrix (MA−MB) has rank three and an un-
known x00A drops out, which is due to the linear addition
rule of the zero component of momenta, in (12). For sim-
plicity, assume that the particles with momentum p0, p1
have same rest mass m. Using τ0 to rescale the other
unknowns and solve the above equation for τ1/τ0 and
xi/τ0, i = 1, 2, 3, we get the solution, in which the ratio
of two proper times is
τ1
τ0
=
p0i e
p00
κ
[
Fp0i + 2rie
r0
κ − 2kie
k0
κ
]
+2Fκ2 sinh(
p00
κ )
p1i e
p10
κ
[
2e
k0+r0
κ (ki−ri)−Fp1i
]
−2Fκ2 sinh(p10κ )
(13)
where F = ek0/κ−er0/κ just for shorthand. Thus as long
as there exists physical values of momenta such that the
solution for xi0A/τ0 is finite and τ1/τ0 is positive, this
specific causal loop can occur. We check it as follows.
For simplicity and without lose of generality, we set
the last two spatial components for all the momenta to
be zero. Because the energy of single particle has to
be smaller than κ, energies p00, p
1
0, k0, r0 ∈ (0, κ). The
requirement of timelike on-shell momenta m(p) > 0 con-
strains the spatial components,
e−p0/κ − 1 < p1/κ < −e−p0/κ + 1, p2, p3 = 0 (14)
We can then plot the region in terms of
(
p10, p
1
1
)
that allow
the equation to have physical solution for x and τ1, τ2
under a specific relationship among other momenta. See
Fig.3
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FIG. 3: The region of
(
p10, p
1
1
)
that possiblly leads to a causal
loop by events A & B when p00 = p
1
0, p
0
1 = −p11, r0 = 1.1k0 =
0.88κ, k1 = −r1 = 0.1κ.
Surprisingly, for any low energy scale of momenta
choice (as long as κ is not infinity), there always exist
solutions for positive τs and finite x0A. At low energy,
the solution of xoA in eq. (7) is proportional to κ/m:
x10A ≈
(p10p
0
1 − p00p11)τ0κ
[p10(k0 − r0) + p11(r1 − k1)]m
(15)
thus when the scale κ is much larger than the scale of
momenta, x0A has quite large scale compared with τ0. At
high energy, the scales of solutions are reasonable. Two
random examples taken from two different energy scales
are shown in Table (I). If the current form of relative
locality were to be correct, then we would expect causal
loops to be common at high energy.
4TABLE I: Comparison of the results at different energy scales
High energy scale Low energy scale
p0/κ (0.5, 0.1, 0, 0) (10−22,−0.2× 10−22, 0, 0)
p1/κ (0.5,−0.1, 0, 0) (10−22, 0.2× 10−22, 0, 0)
k/κ (0.8, 0.1, 0, 0) (10−22, 10−23, 0, 0)
r/κ (0.85,−0.1, 0, 0) (1.01× 10−22,−10−23, 0, 0)
m/κ 0.48 9.80× 10−23
τ1/τ0 1.2 0.6
xµ0A/τ0 (∀x00A ∈ R, 11.8, 0, 0) (∀x00A ∈ R, 8.2× 1022, 0, 0)
IV. DISCUSSION AND CONCLUSIONS
We have shown that relative locality allows causal
loops solutions, and it is surprisingly simple to construct
them. This is a generic feature arising from the phase
space structure of RL: there is no universal spacetime,
and the configuration information lives on the different
cotangent spaces of the momentum manifold. The non-
linear conservations of momenta at interaction events de-
termine how the cotangent spaces T ∗p of different particles
are connected by the interaction, Eq.(4). Due to the non-
trivial relations between cotangent spaces, a particle can
come back to the event that causes its own creation as
one of the incoming participants of that interaction.
In the last section, the causal loop’s existence depends
on specific choices of points on the cotangent space T ∗p
(let us call it“x dependence”). In general, after fixing
the proper times, the solution set of xµoA (if it exists) is
a lower dimensional subspace. In the example we calcu-
lated, it was a line on T ∗p0 . The same unusual feature
of “x dependence” is also present in many of the usual
loop processes without causal issues in relative locality,
e.g.[10]. Some nets of vertices lead to the dependence
on “where” the events are on the cotangent space, while
some do not. We do not yet have fundamental reasons
for choosing some forms of vertices rather than others
just for the sake of “x independence”. This necessitates
future work in understanding the physical meaning of the
Hamiltonian spacetimes and the choices of vertices.
In [7] authors enforced the translation invariance on
T ∗p , which is a more strict symmetry than “x indepen-
dence”. However, the approach there requires the use of
very non-local interaction vertices to achieve the symme-
try, which is not physical. Future work should address
the following questions. Is “x dependence” of many loops
a generic feature? Should translation invariance on T ∗p
be a fundamental symmetry of relative locality? How do
we achieve “x independence” or translation invariance on
T ∗p in a physical way? Can we remove the causal loops
by enforcing those symmetries in the theory?
Does the existence of causal loops imply that there
is an inconsistency in the theory? In general relativ-
ity, Einstein equations have closed-timelike-curve (CTC)
solutions. One way out of the grandfather paradox is
the Novikov self-consistency principle, which states that
events in CTC influence each other in a self-adjusted,
cyclical way and the only solutions can occur locally are
those which are globally self-consistent [11]. However, it
has been shown that at the quantum level, unitarity fails
for interacting fields in CTC and the subjective proba-
bilities of events can be different for different observers
[12–14]. It probably points towards that spacetimes with
CTC are unphysical. In relative locality, a well-defined
quantum theory has not been built yet, but there is ongo-
ing research into constructing it. The lesson from quan-
tum field theory in curved spacetime shows that it would
be non-trivial to have causal loops in a consistent uni-
tary theory. It is thus essential to study whether it is
even possible to construct a unitary quantum field the-
ory for relative locality.
If the current form of relative locality were to be ex-
perimentally established in the future, we need to rethink
causality as a fundamental property of nature. It would
influence some approaches to quantum gravity which take
discrete causal structure as basic assumption. Another
possibility is that relative locality is an incomplete or a
wrong theory in its current form, and the revision of it
should exclude causal loops.
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